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o Introduction to Functional Classes
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Search vs. Decision

e P is a class of functions L: {0,1}* — {0,1} computable in polynomial time.

3/28



Search vs. Decision

e P is a class of functions L: {0,1}* — {0,1} computable in polynomial time.

e FP: given an input x, compute some y such that R(z,y) =1 in time polynomial
in |z|, whenever such y exists, where R: {0,1}* x {0,1}* — {0,1}.

Brain Teaser: Provide a problem whose decision version lies in P, whereas the
search version is not known to be in FP.
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Search vs. Decision

e P is a class of functions L: {0,1}* — {0,1} computable in polynomial time.

e FP: given an input x, compute some y such that R(z,y) = 1 in time polynomial
in |z|, whenever such y exists, where R: {0,1}* x {0,1}* — {0,1}.

Primality testing belongs to P, yet integer factorization is not known to be in FP.

Theorem ([BG94])

Suppose EE £ NEE. Then there is a language in NP which search version cannot be
reduces to decision.
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From NP to FNP

FNP: polynomial-time verifiable relations R(x,y), where |y| < poly(|z]).
Task: given z, find y with R(z,y) = 1 using nondeterminism or report none exists.

Brain Teaser: Consider the following relation: R(F,z) = F(z) iff F' is a CNF
formula and z is an assignment. Does it belong to FNP?
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From NP to FNP

FNP: polynomial-time verifiable relations R(x,y), where |y| < poly(|z]).
Task: given z, find y with R(z,y) = 1 using nondeterminism or report none exists.

Brain Teaser: Consider the following relation: R(F,z) = F(z) iff F' is a CNF
formula and z is an assignment. Does it belong to FNP?

Finding a satisfying assignment of 3-SAT is FNP-complete.

Brain Teaser: What about adding R(F, L)=1 <= F is unsatisfiable? Does
it belong to FNP?
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When does search collapse to decision?

FP = FNP < P = NP.

Proof idea
(=) Let L € NP, then there is a balanced poly-time relation R(z,y) such that

x €L < Ty: R(z,y).

Since FP = FNP, find such y and verify R(z,y).

.
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When does search collapse to decision?

FP = FNP < P = NP.

(=) Let L € NP, then there is a balanced poly-time relation R(z,y) such that
x €L < 3Jy: R(x,y).

Since FP = FNP, find such y and verify R(z,y).
(<) Given a relation R(x,y). Let

L={z: yR(z,y)} € NP = P.

(Brain Teaser: then? J
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When does search collapse to decision?

FP = FNP < P = NP.

Proof idea
(=) Let L € NP, then there is a balanced poly-time relation R(z,y) such that

x €L < Ty: R(z,y).

Since FP = FNP, find such y and verify R(z,y).
(<) Given a relation R(z,y). Let

L={z:3yR(z,y)} € NP =P.

.

Iteratively guess each bit of y.
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Total search: TFENP

Definition (|[MP91])

TFENP: R € FNP such that Vz Jy R(x,y).
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Total search: TFENP

Definition (|[MP91])
TENP: R € FNP such that Vz Jy R(x,y).

Theorem (Informally, [MP91])

TENP = F(NP N coNP), where in F(NP N coNP) we are given x and we need to find
certificate of whether there is y such that R(z,y) = 1.

Proof idea

Brain Teaser: Why TFNP C F(NP N coNP)? )

y
6/28



Total search: TFENP

Definition (|[MP91])

TFENP: R € FNP such that Vz Jy R(x,y).

Theorem (Informally, [MP91])

TENP = F(NP N coNP), where in F(NP N coNP) we are given x and we need to find
certificate of whether there is y such that R(x,y) = 1.

Proof idea
Clearly, TENP C F(NP N coNP). In the other way, decompose R into R; U Ry where

(z,1y) € Ry if R(z,y), and (z,0y) € Ry if " R(z,y).

Then, Ry U Ry € TENP.
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Hard problems in TENP

Theorem (|Meg88])
If some R € TENP is NP-hard under Karp-Levin reductions, then NP = coNP.

It is believed, that there is no complete problem in TFNP.

There exists an oracle A such that the class TENPA does not contain a complete
problem under many-to-one reductions.
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© Subclasses via Existence Principles

o PPP
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Subclasses of TENP

TFNP
T
PPP
T
PLS PPADS PPA
\ /
PPAD
/
FP

Figure: Classical TENP subclasses. A directed arrow from class A to B means A C B [LPR24|.
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Definition (Pigeon)

Given a circuit C : {0,1}"™ — {0,1}", output either  with C'(z) = 0™ or a collision
x # y with C(z) = C(y).

Definition ([Pap94|)

PPP: total relations polynomial-time reducible to PIGEON.

(Brain Teaser: Any examples of problems in PPP? ]
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Definition (Pigeon)

Given a circuit C : {0,1}"™ — {0,1}", output either  with C'(z) = 0™ or a collision
x # y with C(z) = C(y).

Definition ([Pap94|)

PPP: total relations polynomial-time reducible to PIGEON.

(Brain Teaser: Any examples of problems in PPP? ]

e Pigeonhole Equal Subset Sum |[WY92; Pap94|: find distinct A, B C [n] with
S ieaWi = > ;cpw; when Y, w; < 2" — 11

! Conjectured to be PPP-complete [Pap94].
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PPP and cryptography

o If PPP = FP, one-way permutations do not exist [Pap94].

o Integer factorization randomized-reduces to PPP; under GRH, deterministic
reductions are known [Jer16]. It is unknown whether factoring is in PPP

unconditionally.
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© Range Avoidance
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From collisions to avoidance

o PPP: “f there are more pigeons than pigeonholes, there must be a pigeonhole with two
or more pigeons”

o Dual PPP: “if there are more pigeonholes than pigeons, then there must be an empty
pigeonhole”
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From collisions to avoidance

o PPP: “if there are more pigeons than pigeonholes, there must be a pigeonhole with two
or more pigeons”
e Dual PPP: “if there are more pigeonholes than pigeons, then there must be an empty

pigeonhole”

Definition (Empty [KKMP21])

Given C': [N] — [M], where N < M, find y not in the image of C.

(Brain Teaser: What is the difference with Pigeon? ]
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From collisions to avoidance

o PPP: “if there are more pigeons than pigeonholes, there must be a pigeonhole with two
or more pigeons”

o Dual PPP: “if there are more pigeonholes than pigeons, then there must be an empty
pigeonhole”

Definition (Empty [KKMP21])

Given C : [N] — [M], where N < M, find y not in the image of C.

We cannot easily put Empty in TFNP, since it needs two quantifiers! Informally,
Empty € TFXs.

PEPP: total relations which are polynomial time reducible to EMPTY.
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FNP sits inside PEPP

Theorem ([KKMP21])

FNP C PEPP.

We prove that SAT can be reduced to EMPTY. Let ¢ be a CNF formula with n
variables, w.l.o.g not satisfied by 1™.
Consider the following circuit C' from [2" — 1] to [2"]:

e Given t € {0,1}"\ {1™}, C tests whether ¢ satisfies ¢.
o If it does, then C(t) = 1", and if it does not then C(t) = t.

Now, if we could find a solution s € [2"] not in the range of C, then we would have
solved the SAT problem for ¢: If s ## 1™ then ¢ is satisfiable and s satisfies it;
otherwise, ¢ is unsatisfiable. [
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Matrix Rigidity is in PEPP

Definition (|Val77|)

A matrix M € Fj*" is (r, s)-rigid if for any matrix S € Fj*™ with at most s non-zero
entries, rank(M + S) > r.

The e-RIGID problem: given 1", output M € Fy*" which is (en, en?)-rigid.

.

Theorem ([Val77])

Any (6n,n't9)-rigid matriz cannot be computed by linear size, logarithmic depth
arithmetic circuits.

N

Theorem ([KKMP21; Kor21])

For any e < %6, the e-RIGID problem reduces in polynomial time to EMPTY.
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Matrix Rigidity is in PEPP

Definition (|Val77|)

A matrix M € Fj*" is (r, s)-rigid if for any matrix S € Fj*™ with at most s non-zero
entries, rank(M + S) > r.

The e-RIGID problem: given 1", output M € Fy*" which is (en, en?)-rigid.

Theorem ([KKMP21; Kor21|)

For any e < %6’ the e-RIGID problem reduces in polynomial time to EMPTY.

Proof idea

Let M € Fy*", which is not (r, s)-rigid. Then, M = L - R + s, where
L e Fp ", R € Fp*" and S has at most s non-zero entries. Then, given L, R and S one
can recover M. Hence, to encode M one needs at most

2
(2nr 4 s)log g + log <n ) < n?logq.
s
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Hard Truth Table is in PEPP

Definition (HARD TRUTH TABLE problem)

Given 1V, output a string « of length N such that = cannot be computed by any
circuit of size at most %.

HARD TRUTH TABLE reduces in polynomial time to EMPTY.

(Brain Teaser: Any ideas? ]
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Hard Truth Table is in PEPP

Definition (HARD TRUTH TABLE problem)

Given 1V, output a string x of length N such that = cannot be computed by any
circuit of size at most %.

Theorem (|Kor21])
HARD TRUTH TABLE reduces in polynomial time to EMPTY.

Proof idea

The mapping ® interprets its input as a circuit on [log N'| bits, evaluates its output

on every possible input to generate a 2/1°8N1_bit truth table, and truncates this table
to length exactly N.

Since circuits can be efficiently decoded, and many functions have circuit complexity
exceeding %, there must exist an output that lies outside the range of ®.

.
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Abundant Avoidance

Definition

Let o: N — R>q. Then, a-PEPP is a class of problems reducible to a-Empty: given
C': [M] — [N] find y € [N] not in the image of C, where N/M > 1+ a.

Theorem ([KKMP21])

For any a(n) >1/poly(n), a-PEPP C FPS'cﬁy.

Consider a circuit C' mapping [M] to [N], where N/M > 1+ «. Let R(C) denote the
range of C.

The probability that a random y € [N] belongs to R(C) is at most M/N < 1/(1 + «).
Hence, if k = [n/a] there there are y1,ys, ...,y containing a valid solution to every

length-n instance of a-EMPTY.
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Abundant Avoidance (II)

Denote APEPP = 1-PEPP and AvoiD= 1-EMPTY.
Theorem ([KKMP21])

If 1/poly(n) < o < 2P°Y() | then a-PEPP and APEPP are equivalent under FpNP
reductions.

We can reduce S-EMPTY to y-EMPTY as follows.
(Brain Teaser: Any ideas how to increase the gap? ]
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Abundant Avoidance (II)

Denote APEPP = 1-PEPP and AvoiD= 1-EMPTY.
Theorem ([KKMP21])

If 1/poly(n) < oo < 2PY(™)  then o-PEPP and APEPP are equivalent under FPNP
reductions.

We can reduce S-EMPTY to v-EMPTY as follows. Given a circuit that computes
a function C : [M] — [N], let k = k(n), construct a circuit C’ : [M*] — [N*¥]:

[M*] = [M]F L5 [NTE — [NH].
Assuming N/M > 1+ B(n), we have N*/M* > (1 + B(n))* > 1 + ~(n), for
B(n) = [logy () (1 +7(n)) | < poly(n).

Hence, by solving an instance of 7-EMPTY, we obtain a k-tuple (yi,...,yx) not in the
image of C*. Then we need to find y not in the range of C. s/ 28




@ APEPP-Complete Problem
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Definition

e-Hard: given 1V, output = € {0, 1}"V such that size(z) > N°¢.

Theorem ([Kor21])

AvoID reduces to e-Hard under PNP

reductions for any e € (0,1).

Let C be an instance of 2"-EMPTY, and let k = 2[log |C|][2]. Consider the following map
Cc*:{0,1}" — {0, 1}2k”, defined informally as follows: given a string = € {0, 1}", apply C
once to get 2 n-bit strings, then apply C to both of those n-bit strings to get four, and
continue k times until we have 2% n-bit strings.
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e-Hard (II)

We will show the following;:

© Let m = n2*¥ = poly(|C|), any solution to e-Hard on input 1™ will be a string that is
not in the range of C*.

@ Given a string outside the range of C*, we can find a string outside the range of C.

First, any string in the range of C*, when interpreted as a truth table of length m = n2*
on [logn] + k variables, can be computed by a circuit of size O(|C|k).

(Brain Teaser: Why?
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e-Hard (II)

We will show the following;:
@ Let m = n2F = poly(|C|), any solution to e-Hard on input 1™ will be a string that is
not in the range of C*.
@ Given a string outside the range of C*, we can find a string outside the range of C'.
First, any string in the range of C*, when interpreted as a truth table of length m = n2*
on [logn] + k variables, can be computed by a circuit of size O(|C|k).

Thus, we now know that any solution to e-HARD on input 1™ will not be in the range
of C*. Let y be any string outside the range of C*.

[Brain Teaser: How to find a string outside the range of C' in PNP? ]

21 /28



CODSGQUGHCGS

There exists a language in ENP with circuit complexity 24 if and only if there is
a PNP algorithm for AvVOID.

o Let L € ENP with size(L) > 2°"
e Then we have a polynomial-time algorithm for ¢’-HARD.
(Brain Teaser: How? J
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CODSGQUGHCGS

There ezists a language in ENP with circuit complezity 24 if and only if there is
a PNP algorithm for AvoiD.

Let L € ENP with size(L) > 2°"

Then we have a polynomial-time algorithm for ¢’~-HARD.

Alternatively, say there is a PNP algorithm for AvoID.

Then, there is a PNP algorithm for e-HARD for any fixed € < %

(Brain Teaser: Then what? J
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CODSGQUGHCGS

ENP

with circuit complezity 22 if and only if there is

There exists a language in
a PNP algorithm for AVOID.

o Let L € ENP with size(L) > 2°"
e Then we have a polynomial-time algorithm for ¢’-HARD.

o Alternatively, say there is a PNP algorithm for AvoIp.

PNP

@ Then, there is a algorithm for e-HARD for any fixed € < %

e Consider the language L decided by the following EX1 machine: given an n-bit
input, on input 12", generate a hard truth table, then look up the n-bit input in this
truth table to determine whether to accept or reject.

e By definition this language must have circuit complexity 24 and this machine will
run in time poly(2") = 290" with an NP oracle.
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Consequences (II)

ENP (resp. EXPNP) contains a language of circuit complexity 22" (resp ont ) if and
only if ENP (resp. EXPNP) contains a language of circuit complexity 2 G

o If there is a language in ENP of circuit complexity 22" then there is a PNP algorithm
for Avoip

o Then, there is a PNP algorithm for HARDTRUTHTABLE, which finds a language with
circuit complexity g—
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@ Wrap-up
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Takeaways

@ TFNP captures total search; mirrors NP N coNP at decision level.
e Range-avoidance classes (PEPP/APEPP) generalize union-bound existence arguments.

e Hard Truth Table is APEPP-complete under PNP: many explicit constructions land
here.

Circuit complexity amplification for ENP and EXPNP.
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