Lecture 12, Constructible Graphs, Hypergraph Coloring
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@ Constructible Graphs

2/12



Definition (Hajés construction, 1961)

Let ¢ € N. The class of g-constructible graphs C, consists of graphs that can be
obtained from K, by any sequence of the following two operations:

e If Gel(y, z,y € V(G), zy ¢ E(G), then G#zy € C,.
o Let G1,Go € Cq, V(Gl) N V(Gg) = {:L‘}, Ty € E(Gl), TY9 € E(GQ) Then

(G1 —zy1) U (G2 — zy2) + y1y2 € Cy.

Base: K, € C,.
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Definition (Hajés construction, 1961)

Let ¢ € N. The class of g-constructible graphs C; consists of graphs that can be
obtained from K, by any sequence of the following two operations:

o If GeCy, z,y € V(G), zy ¢ E(G), then G#zy € C,.
o Let G1,G2 € Cy, V(G1) NV (Ge) = {z}, zy1 € E(G1), zy2 € E(G2). Then

(G1 —zy1) U (G2 — zy2) + y1y2 € Cy.

Base: K, € C,.

Lemma (Hajés, 1961)
Let ¢ € N and a graph G contains subgraph from Cg, then x(G) > q.

On the whiteboard. OJ
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Definition (Ore, 1967)
@ Define the operation of graph merging. Let G1, G2 be graphs with
V(G1)NV(Ge) = @, and let Wy C V(G1), Wa C V(G2) be such that |[W;| = |IWs|
and p : W1 — Wy is a bijection. Suppose z1y1 € E(G1), zay2 € E(G2), where

x1 € Wi, p(z1) = xo, and pu(y1) # yo (possibly, y1 ¢ Wr).
The merging of graphs G and G is the graph Gi1#, 2,4, 22y, G2, obtained from

(G1 — z1y1) U (G2 — 22y2) + Y192

by merging the pairs of vertices v, u(v) for all v € Wj.

@ Let ¢ € N. Define Cé as the class of all graphs that can be obtained from K, by
any sequence of graph merging operations.

A

Lemma (Ore, 1967)
For any ¢ > 3, C; C Cy.
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Lemma (A. Urquhart, 1997.)

Let g € N. Then any graph G with x(G) > q can be obtained using graph merging
operations from graphs containing cliques of size at least q.
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© Hypergraphs

6/12



What is a proper coloring of a hypergraph?
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A coloring of the vertices of a hypergraph H is called proper if every hyperedge
contains at least two vertices of different colors.
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Definition

A coloring of the vertices of a hypergraph H is called proper if every hyperedge
contains at least two vertices of different colors.

An image of a hypergraph H is any graph G (possibly with multiple edges) such that
V(G) = V(H) and there exists a bijection ¢ : E(G) — E(H) such that e C p(e) for
every edge e € E(G). We call ¢ the bijection of the image G.

.

v

e Multiple edges of the graph-image G, corresponding to different hyperedges of the
hypergraph H, are considered distinct.

@ What is the connection between proper colorings of hypergraph and images?
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From now on, every hyperedge H contains at least r vertices.

Let r > 3, and let G be an image of the hypergraph H. Consider a sequence of

vertices agbga1b; . . . ay, of the hypergraph H satisfying the following conditions:

(1) For each i € [0,n — 1], the vertices a;, b;, and a4 are distinct, and there exists a
hyperedge e; € E(H) such that a;, b;, ait1 € e;.

(2) All hyperedges eq, ..., e,—1 are distinct, and agb, . .., an—1bn,—1 € E(G), with
go(aibi) = €;.

Then agbgaib; ... ay is called an alternating chain from ag to a,. The number n is

called the length of this alternating chain. We say that the alternating chain passes

through the vertices ag, bg, - . . , a, and the edges agby, . . ., Gn_1b67—1.

Picture!
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e We allow the case n = 0 in the definition of an alternating chain. Thus, the vertex ag
is considered an alternating chain from ag to ag of length 0.

@ Since ¢ is a bijection, all edges agby, . . ., an—1bn,—1 in the definition of the alternating
chain are distinct. Recall that multiple edges of the graph G, corresponding to
different hyperedges of the hypergraph H, are considered distinct.

@ The vertices in the definition of an alternating chain are not required to be distinct. It
is possible for an alternating chain to pass through some vertices more than once.
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Let H be a hypergraph, where every hyperedge contains at least r vertices, with
A(H)=A and k = [%1 Then there exists an image G of the hypergraph H such
that A(G) < k.

Proof.

e For r = 2, for any image G of the hypergraph H, we have A(G) < A = k. From now
on, assume r > 3.

e For the graph G, let Vj,11(G) denote the set of all vertices in G with degree at least
k+ 1, and let s;11(G) denote the sum of the degrees of the vertices in Vj41(G) in the
graph G.

o Assume, for the sake of contradiction, that the lemma is false. In this case, for any
image G, we have Vj,11(G) # @ and si41(G) > 0.

@ Choose the image G that minimizes si41(G). Denote the bijection of the image G by
v, and let S = V11 (G).
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Let U be the set consisting of all vertices of the graph G that are endpoints of alternating
chains starting at the vertices in S, and let /' = G(U). Clearly, S C U.

Lemma (Property 1)

For any edge e € E(F), it holds that p(e) C U.
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Let U be the set consisting of all vertices of the graph G that are endpoints of alternating
chains starting at the vertices in S, and let /' = G(U). Clearly, S C U.

Lemma (Property 1)

For any edge e € E(F), it holds that p(e) C U.

Lemma (Property 2)

IfueU,v¢U, and uv € E(G), then all vertices of the hyperedge p(uv) except v lie
wn U.

For any vertex u € U it holds that degg(u) > k.

Let uq,...,us be all the vertices in the set U that have degree less than k£ in F'. Define:

t; = dg(us) — dp(ug), t_Zt
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Theorem (H.V. Gravin, D.V. Karpov, 2011)

Let H be a hypergraph where each hyperedge contains at least r vertices, A(H) = A,
and k = [%W .

@ The vertices of H can be properly colored with k + 1 colors.

Q Ifr >3 and k > 3, then the vertices of H can be properly colored with k colors.
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