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Let X,Y ⊆ V (G), R ⊆ V (G) ∪ E(G).

Definition
We call the set R separating if the graph G−R is disconnected. Let R(G) denote the
set of all separating sets of the graph G.

Definition
A graph G is k-connected if v(G) ≥ k + 1 and the minimum vertex separating set in
the graph G contains at least k vertices.

Definition
Let X ̸⊆ R, Y ̸⊆ R. We say that R separates the sets X and Y (or, equivalently,
separates X and Y from each other) if no two vertices vx ∈ X and vy ∈ Y lie in the
same connected component of the graph G−R.
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1 Let x, y ∈ V (G) be non-adjacent vertices. Denote by κG(x, y) the size of the smallest
set R ⊂ V (G) such that R separates x and y. If x and y are adjacent, then we set
κG(x, y) = +∞. We call κG(x, y) the connectivity of vertices x and y.

2 Let X,Y ⊂ V (G). Denote by κG(X,Y ) the size of the smallest set R ⊂ V (G) such
that R separates X and Y . If no such set exists, we set κG(X,Y ) = +∞.
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Theorem (Menger, 1927, Goring 2000)
[t] Let X,Y ⊂ V (G), ∞ > κG(X,Y ) ≥ k, |X| ≥ k, |Y | ≥ k. Then in the graph G,
there exist k disjoint XY -paths.
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Corollary
Let vertices x, y ∈ V (G) be non-adjacent, κG(x, y) ≥ k. Then there exist k
independent paths from x to y.
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Theorem (Whitney, 1932)
Let G be a k-connected graph. Then for any two vertices x, y ∈ V (G), there exist k
independent paths from x to y.
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Let S ⊂ R(G).
1 A set A ⊂ V (G) is a part of the S-partition if no set from S separates any two

vertices from A, but any other vertex of the graph G is separated from A by at least
one set from S.
The set of all parts of the partition of graph G by the separating sets S will be
denoted as Part(S). When it is unclear which graph is being partitioned, we will
write Part(G;S).

2 A vertex of a part A ∈ Part(S) is called internal if it does not belong to any set from
S. The set of such vertices will be called the interior of part A and denoted as Int(A).
Vertices that belong to any set from S are called boundary vertices, and their set —
the boundary — is denoted by Bound(A).

7 / 31



8 / 31



Figure: 4-connected
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Figure: 5-connected
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We denote by Rk(G) the set of all k-vertex separating sets of the graph G.

Lemma
Let S ⊂ Rk(G), A ∈ Part(S). Then the following statements hold.

1 A vertex x ∈ Int(A) is not adjacent to any vertices in the set V (G) \A.
2 If Int(A) ̸= ∅, then Bound(A) separates Int(A) from V (G) \A.
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Lemma
Let G be a k-connected graph, and let S,T ⊂ Rk(G).

1 Let A ∈ Part(S). Then Bound(A) is the set of all vertices in part A that are
adjacent to at least one vertex in V (G) \A.

2 Let A ∈ Part(S) and A ∈ Part(T). Then the boundary of A as part of Part(S)
coincides with the boundary of A as part of Part(T).
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Theorem
Let S1, . . . ,Sn ⊂ R(G), and let S =

⋃n
i=1Si. Consider all sets of vertices of the form

A =

n⋂
i=1

Ai, where Ai ∈ Part(Si). (1)

Then the following statements hold:
1 Any part A ∈ Part(S) can be represented in the form (1).
2 A ∈ Part(S) if and only if A is the maximal subset of vertices of the graph G

representable in the form (1).
3 If a set of vertices A can be represented in the form (1) and A /∈ Part(S), then A

is a subset of one of the sets in S.

Proof.
On the whiteboard.
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Lemma
Let S,T ⊂ R(G), and let a part A ∈ Part(S) be such that none of the sets in T
separate it. Then A ∈ Part(S ∪ T).

Proof.
None of the sets in S ∪ T separates A, so there exists a part B ∈ Part(S ∪ T) such
that A ⊂ B.
There exists a part A′ ∈ Part(S) containing B. Then A ⊂ B ⊂ A′, from which it is
obvious that A = B = A′.
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• From now on, let G be a k-connected graph.

Definition
We call distinct sets S, T ∈ Rk(G) independent if S does not separate T and T does
not separate S. Otherwise, we will call these sets dependent.

Lemma
Let S, T ∈ Rk(G) and A ∈ Part(S) : T ∩ Int(A) = ∅. Then T does not separate part A
and, consequently, T does not separate set S.

Proof.
G(Int(A)) is connected, and ∀x ∈ S \ T is adjacent to at least one vertex in the set
Int(A).
Consequently, the graph G(Int(A) ∪ (S \ T )) is connected, from which it is evident
that T does not separate A. □
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Lemma
Let S, T ∈ Rk(G) be such that the set S does not separate T . Then T and S are
independent.

Proof.
T can intersect the interior of at most one part of Part(S).
∃A ∈ Part(S) : Int(A) ∩ T = ∅ =⇒ T does not separate S.

We conclude that one of two cases is possible: either the sets S and T separate each other
(then they are dependent), or the sets S and T do not separate each other (then they are
independent).

16 / 31



Lemma
Let S, T ∈ Rk(G) be such that the set S does not separate T . Then T and S are
independent.

Proof.
T can intersect the interior of at most one part of Part(S). (why?)
∃A ∈ Part(S) : Int(A) ∩ T = ∅ =⇒ T does not separate S.

We conclude that one of two cases is possible: either the sets S and T separate each other
(then they are dependent), or the sets S and T do not separate each other (then they are
independent).

16 / 31



Lemma
Let S, T ∈ Rk(G) be such that the set S does not separate T . Then T and S are
independent.

Proof.
T can intersect the interior of at most one part of Part(S).
∃A ∈ Part(S) : Int(A) ∩ T = ∅ =⇒ T does not separate S.

We conclude that one of two cases is possible: either the sets S and T separate each other
(then they are dependent), or the sets S and T do not separate each other (then they are
independent).

16 / 31



Lemma
Let S, T ∈ Rk(G) be independent, and A ∈ Part(S) contain T . Then in Part(T ) there
∃!B ∈ Part(T ) : B ⊃ Part(S) \A and Part(T ) \B ⊂ A.

Proof.
The set T does not intersect the interiors of parts of Part(S) distinct from A. Hence,
the set T does not separate any part of Part(S) distinct from A.
Since S \ T ̸= ∅, all these parts are contained within a single part of Part(T ). (why?)
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Let the sets S, T ∈ Rk(G) be dependent, with Part(S) = {A1, . . . , Am},
Part(T ) = {B1, . . . , Bn}, P = T ∩ S, Ti = T ∩ Int(Ai), Sj = S ∩ Int(Bj), and
Gi,j = Ai ∩Bj .

Lemma
1 All sets T1, . . . , Tm; S1, . . . , Sn are non-empty.
2 Part({S, T}) = {Gi,j}i∈[1..m],j∈[1..n], with Bound(Gi,j) = P ∪ Ti ∪ Sj.

Proof.
1 .
2 Parts Part({S, T}) are maximal by inclusion among sets of the form Gi,j . But

Gα,β ̸⊂ Gγ,δ for (α, β) ̸= (γ, δ).
The statement Bound(Gi,j) = P ∪ Ti ∪ Sj is trivial.

|Bound(Gi,j)| ≥ k for any i, j since it is a separating set, right?
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Lemma
1 Let i ̸= x, j ̸= y, |Bound(Gi,j)| ≥ k and |Bound(Gx,y)| ≥ k. Then

|Bound(Gi,j)| = |Bound(Gx,y)| = k, |Part(S)| = |Part(T )| = 2, |Ti| = |Sy|, and
|Tx| = |Sj |.

2 If all parts of Part({S, T}) contain at least k vertices, then each part of
Part({S, T}) has exactly k vertices, |Part(S)| = |Part(T )| = 2, and
|T1| = |T2| = |S1| = |S2|.

Proof.
Whiteboard.
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REMIND
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Definition
Let S ∈ Rk(G), and let H be a connected component of the graph G− S. We will call
H a fragment. We will call the set S the boundary of the fragment H and denote it by
Bound(H).

Fragments are the interiors of parts of a partition of the graph G by a k-vertex
separating set.
We will show that the concepts of a fragment and its boundary have an independent
meaning.

Lemma
Let H be a fragment in a k-connected graph G. Then Bound(H) = NG(H).

Proof.
Trivial.
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Can it happen that ∃A : A ∈ Part(S) ∩ Part(T ) and A ̸= ∅?

Lemma
Let H be a fragment of the graph G, T ∈ Rk(G), with T ∩H ̸= ∅, and T is
independent with Bound(H). Then T ̸⊇ H and exists a fragment
H ′ ⊆ H : Bound(H ′) = T .

Proof.
Let S = Bound(H), and let A ∈ Part(S) : H = Int(A).
T ⊂ A, since S, T are independent.
Hence ∃B ∈ Part(T ) s.t. B ⊂ A. Thus, T ̸⊇ H.
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NEW
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Given connected graph G, is there a vertex v such that G− v is connected?

In any connected graph H, there exists a vertex v such that the graph H − v remains
connected.
For a k-connected graph, things are much more complex: there exist k-connected
graphs from which it is impossible to remove a vertex while preserving k-connectivity.
Such graphs are called critically k-connected graphs.

Figure: Is critically 3-connected?
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Definition
A k-connected graph G is called inseparable if there does not exist a set S ∈ Rk(G)
and a fragment H such that H ⊂ S.
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A k-connected graph G is called inseparable if there does not exist a set S ∈ Rk(G)
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Lemma
Let G be a k-connected graph with δ(G) ≥ 3k−1

2 . Then G is inseparable.

Proof.
Let S, T ∈ Rk(G) be such that H ⊂ T and S = Bound(H). H is the minimal
fragment among those.
Consider a vertex x ∈ H. It can only be adjacent to vertices in H ∪ S. Since
dG(x) ≥ 3k−1

2 and |S| = k, we have

|H| ≥ k − 1

2
+ 1 =

k + 1

2
.

The sets S and T are dependent. Let Part(S) = {A1, . . . , Am},
Part(T ) = {B1, . . . , Bn}. W.l.o.g. H = Int(A1).
In our notations T1 = Int(A1), hence |T1| ≥ k+1

2 . Therefore, for any i ∈ [2..m] we have
|Ti|+ |P | ≤ k−1

2 .
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W.l.o.g. |S1| ≥ |S2| =⇒ |S2| ≤ k
2 , hence |Ti|+ |S2|+ |P | < k for any i ∈ [2 . . .m].

Picture!
Therefore, Int(Gi,2) = ∅ for all i ∈ [2 . . .m] (why?).

Since Int(A1) ⊂ T , it follows that
A1 ⊂ S ∪ T . By the definition of G1,2 = A1 ∩B2, we have Int(G1,2) = ∅.
Since B2 =

⋃
i∈[1..m]Gi,2, it follows that Int(B2) ⊂ S, hence Int(B2) ⊂ S2. Thus, we

have found a fragment H ′ = Int(B2) lying in the set S2 ∈ Rk(G), with |H ′| ≤ k
2 .
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Lemma
Let G be an inseparable k-connected graph, and let S, T ∈ Rk(G) be dependent. Then
each of these sets divides the graph into two parts, and they can be numbered such that

Part(S) = {A1, A2}, Part(T ) = {B1, B2}

and |Bound(G1,2)| = |Bound(G2,1)| = k. In this numbering, we have |T1| = |S1| and
|T2| = |S2|.

Proof.
Let Part(S) = {A1, . . . , Am}, Part(T ) = {B1, . . . , Bn}.
We represent the partition of the graph by the sets S and T as an m× n table, where
the cell with coordinates (i, j) corresponds to the part Gi,j = Ai ∩Bj ; we record in
this cell the number of vertices in Int(Gi,j).
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Suppose there is a column (without loss of generality, the first one) in which only
zeros are recorded. Then

Int(A1) =
⋃

j∈[1..n]

G1,j \ S ⊂ T,

which contradicts what?

the inseparability of the graph.
Thus, in each row and each column, there is at least one non-zero.
Consequently, there exist pairs of indices (α, β) and (γ, δ) such that α ̸= γ, β ̸= δ,
Int(Gα,β) ̸= ∅, and Int(Gγ,δ) ̸= ∅.
Then |Bound(Gα,β)| ≥ k and |Bound(Gγ,δ)| ≥ k. Now the desired result follows from
one of the previous Lemmas, by setting α = δ = 1 and β = γ = 2.
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Theorem (D. V. Karpov, A. V. Pastor, 2000)
Let G be an inseparable k-connected graph, and let H be a minimal fragment of G by
inclusion. Then for any vertex x ∈ H, the graph G− x remains k-connected.

Proof. Assume the contrary. Then there exists a set T ∈ Tk(G) such that T ∩H ̸= ∅.
Let S ∈ Rk(G) and A1 ∈ Part(S) be such that H = Int(A1). And S, T are dependent
(why?)

We can assume Part(S) = {A1, A2}, Part(T ) = {B1, B2}, and
|Bound(G1,2)| = |Bound(G2,1)| = k.
Suppose Int(G1,2) ̸= ∅. Since |Bound(G1,2)| = k, then Int(G1,2) ⊊ H — a fragment
that contradicts the minimality of H.
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Theorem (D. V. Karpov, A. V. Pastor, 2000)
Let G be an inseparable k-connected graph, and let H be a minimal fragment of G by
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Therefore, Int(G1,2) = ∅, from which, by the inseparability of the graph, it follows
that Int(G1,1) ̸= ∅ and Int(G2,2) ̸= ∅.
Thus, |Bound(G1,1)| ≥ k and |Bound(G2,2)| ≥ k, hence
|Bound(G1,1)| = |Bound(G2,2)| = k.
Consequently, Int(G1,1) ⊊ H is a fragment, which contradicts the minimality of H.

We can derive the following corollary.

Corollary (G. Chartrand, A. Kaugars, D. R. Lick, 1972)

Let G be a k-connected graph with δ(G) ≥ 3k−1
2 . Then there exists a vertex x ∈ V (G)

such that the graph G− x remains k-connected.

31 / 31


